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Problem Set 1: Probability vs Intuition

1) The Gamma Function and the Stirling Formula

In this problem, we will derive the Stirling formula for factorials using the Gamma function, i.e. we will
use a generalization of factorials to find an approximation for factorials.
The Gamma function is defined by the recurrence relations

ri1) =1 (1a)
Iz +1) =al(z) for x € Ry (1b)

a) (2P) Use the recurrence relations in Equation (1) to prove that for n € Z> it follows

(
P(n+1)=n! (2)
Hint: Prove by induction.

b) (2P) Show that the function
M) = [y e )
0

fulfills the recurrence relations in Equation (1), hence the Gamma function can be defined by the integral
in Equation (3).
c¢) (3P) Prove the Stirling formula
nla V2mnn™e " forn>>1 (4)

starting from n! = [~ dyyme Y.

-== Approx.
Hint: If you plot the integrand f(y) = y™e™Y, you will find that i
fly) has a sharp mazimum at y = yo (see figure on the right).
Rewrite the integrand as f(y) = e9W), expand g(y) to second >
order around y = yg, and solve the integral. This is called a
saddle-point approzimation of the integral.

d) (1P) Using your result from c), argue why
Inn!~nlnn—n (5)

is a good approximation for n > 1.

2) The Birthday Problem

N = 20 students talk about their birthdays. For this problem neglect the existence of leap years, i.e., assume
that a year has M = 365 days and that the probability to be born on a specific day is uniform.

a) (1P) What is the probability that all N students have birthday on the same day?

b) (2P) What is the probability that all N students have birthday on different days?

¢) (2P) What is the probability that at least 2 students have birthday on the same day?
)

d) (3P) What is the number N of students so that the probability that at least 2 students have birthday on

the same day reaches 0.57
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3) Monty Hall Problem

You are a contestant on a game show where the prize is a new car. The game show host presents you with three
closed boxes labeled A, B and C, and explains that two of them are empty, while one contains the keys to the
new car. Your goal is to choose the box containing the keys and win the car.

a)

(1P) After you have been presented the boxes and have made your choice, the host randomly (she/he
doesn’t know where the prize is!) opens one of the other boxes that you didn’t chose and it happens to
be empty. Let for example the pair (A, B) denote the case where you choose A and the host opens the
box B afterwards; the probability of this occurring is given by P(A4; B).

Assuming the prize is in box A, show that your probability of having chosen correctly is given by

P(A; B) + P(4;C)

PIW] = =55, 4= P(C; 4) ©)

What is the value of P[Win|?
Hint: Remember that probabilities are normalized to one.

(1P) Assume there is a probability p that the host reveals the keys if you have chosen an empty box.
Under this condition, you have chosen a box and the host opens a different box, revealing it to be empty.
Show that the probability in equation 6, becomes

P[Win] =

3—2p’ Q

and discuss in brief the cases p =0, p=0.5 and p = 1.

(1P) In the classic Monty Hall problem, the format of the game is always as follows: you choose one of
the three boxes, then the host opens one of the other two boxes, revealing it to be empty, and asks you if
you would like to revise your choice or change to the other closed box.

Develop the best winning strategy using equation 7. Do you stick with the first choice or switch to the
other closed box?

(1P) It is said that the famous mathematician Paul Erdés (1913 — 1996) was not convinced of the cor-
rect solution to problem c) until he was shown a simulation of this experiment. To convince your fellow
students of your result, write a short simulation of one game where the contestant sticks with the initial
choice and one where the contestant switches to the other closed box. Repeat the simulations and count
how many times the contestant wins the car. Plot the number of wins versus the number of simulation
runs for both cases in one plot. Without spoiling too much, your result should qualitatively look like the
plot below.

To get the points for this part, put your code into the solution pdf file with a plot similar to the one below.

Hint: Use a random number to place the prize in a boz [1, 2, 3]
(or select randomly from a list). Use the same procedure to pick a
box as the contestant. Determine which bozxes are empty and have
not been picked by the contestant and choose randomly which one
of them the game master opens. Then check if the initial choice
yields the prize and increase the number of wins by one. For the
switching case, obviously, you have to exchange the initial choice

wins

with the other box. n
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